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Abstract. The splice quotients are an interesting class of normal surface singularities with ratio- 
nal homology sphere links, defined by W. Neumann and J. Wahl. If T is a tree of rational curves 
that satisfies certain combinatorial conditions, then there exist splice quotients with resolution 
graph r. Suppose the equation z n = f(x,y) defines a surface Xt n with an isolated singularity 
at the origin in C 3 . For / irreducible, we completely characterize, in terms of n and a variant 
of the Puiseux pairs of /, those Xt n for which the resolution graph satisfies the combinatorial 
conditions that are necessary for splice quotients. This result is topological; whether or not Xf } „ 
is analytically isomorphic to a splice quotient is treated separately. 



1. Introduction 

Let (X, 0) C (C k , 0) be the germ of a complex analytic normal surface singularity. The intersection 
of X with a sufficiently small sphere centered at the origin in C k is a compact connected oriented 
three-manifold S, called the link of (X, 0), that does not depend upon the embedding in C k . Let 
r be the dual resolution graph of a good resolution of the singularity. The homeomorphism type 
of the link can be recovered from T, and conversely, W. Neumann proved that (aside from a few 
exceptions) the homeomorphism type of the link determines the minimal good resolution graph [8] . 
One interesting class of normal surface singularities is the set of those for which the link is a rational 
homology sphere (QHS) (i.e., Hi(£,Q) = 0). The link is a QHS if and only if any good resolution 
graph r of (X, 0) is a tree of rational curves. 

The work of Neumann and Wahl (described in $2] see also [10] and [18]) provides a method for 
generating analytic data for singularities from topological data. Starting with a resolution graph 
r that satisfies certain conditions, known as the "semigroup and congruence conditions", one can 
produce defining equations for a normal surface singularity with resolution graph T. The singularities 
that result from this algorithm are called splice quotients. If the link £ is a ZHS (iJi(S, Z) = 0), 
then only the semigroup conditions are relevant, and the singularities produced by the algorithm are 
said to be of splice type. This work has led to a recent interest in the properties of splice quotients 
and related topics (see [3], [6], [13], [14], [17]), and there are still many unanswered questions. 

One of the first questions that arises is: How many singularities with QHS link are splice quotients? 
There are two layers to the problem - topological and analytic. If one has a singularity that satisfies 
the necessary topological conditions (which depend only on the resolution graph), then there exist 
splice quotients with that topological type, but it is a separate issue to determine whether the 
singularity is analytically isomorphic to a splice quotient. Originally, one wondered whether all 
Q-Gorenstein singularities with QHS link would turn out to be splice quotients. However, the first 
counterexamples were found in the paper of I. Luengo-Velasco, A. Melle-Hernandez, and A. Nemethi 
[3j. There, the authors give an example of a hypersurface singularity for which the resolution graph 
does not satisfy the semigroup conditions, and an example of a singularity for which the semigroup 
and congruence conditions are satisfied, but the analytic type is not a splice quotient. On the other 
hand, there are nice classes of singularities for which all analytic types are splice quotients: weighted 
homogeneous singularities, as shown by Neumann in [7], and rational and QHS-link minimally elliptic 
singularities, as shown by T. Okuma in [13] , 

A natural class of surface singularities to study after weighted homogeneous, rational, and mini- 
mally elliptic is the class of hypersurface singularities defined by an equation of the form z n = f(x,y). 
If {f(x,y) = 0} defines a reduced curve with a singularity at the origin in C 2 , then for n > 1, the 
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surface Xf >n := {z n = f(x,y)} has an isolated (hence normal) singularity at the origin in £ C 3 . 
For / irreducible, the resolution graph of (X/ ira , 0) can be constructed from n and a finite set of pairs 
of positive integers associated to /, known as the topological pairs {(ft, a,) | 1 < i < s} defined in [2] 
(a variant of the more commonly known Puiseux pairs). The topological pairs completely determine 
the topology of the plane curve singularity. If there is only one topological pair (s = 1), then any 
such (Xf. n , 0) with QHS link has the topological type of a weighted homogeneous singularity, hence 
has the topological type of a splice quotient. In [9], Neumann and Wahl prove that the link of 
(JTy,„,0) is a ZHS if and only if / is irreducible and all pi and a.; are relatively prime to n0 and 
in that case, they prove in 12J that any such (X/ >rl! 0) is of splice type. That is, not only are the 
semigroup conditions satisfied, but moreover, every (Xj jn ,0) with ZHS link is isomorphic to one 
that results from Neumann and Wahl's construction. 

The main result of this paper is a complete characterization of the (Xf t „,0), with / irreducible 
and s > 2, that have a resolution graph that satisfies the semigroup and congruence conditions. For 
/ irreducible, there is an explicit criterion given by R. Mendris and Nemethi in [3], in terms of n 
and the topological pairs, that determines when the link of (Xf, n ,0) is a QHS (see Proposition 13. 2[) . 
One can see that there are plenty of (Xf tn ,0) for which the link is a QHS but not a ZHS. From 
now on, whenever we are not referring to topological pairs, the notation (m, n) denotes the greatest 
common divisor of the integers m and n. Our main result is the following 

Main Theorem. Let f be irreducible with topological pairs {(pi,ai) : 1 < i < s}, with s > 2, and 
let n be an integer greater than 1. Then (Xf tTl ,0) has QHS link and a good resolution graph that 
satisfies the semigroup and congruence conditions if and only if either 

(i) (n,p s ) = 1, (n,pi) = (n, a,-) = 1 for 1 < i < s — 1, and a s /(n, a s ) is in the semigroup 
generated by {a s _i, pi ■ ■ -p s -i, ajPj+i • --Ps-i ■ 1 < j < s - 2}, or 

(ii) s = 2, p 2 = 2, (n,p 2 ) = 2, and (n,a 2 ) = (f ,pi) = (f ,ai) = 1. 

It is somewhat surprising that so few (Xf tn ,0) satisfy the topological conditions, given the result 
in the ZHS case. Aside from Case (ii), which is rather restrictive, this result says that if any of the 
topological pairs other than a s have factors in common with n, then (Xf^ n ,0) does not have the 
topological type of a splice quotient. One could say that if (Xf^ n ,0) gets "too far" from the ZHS 
case (for which all analytic types are splice quotients) , it cannot even have the topology of a splice 
quotient. 

If the resolution graph does satisfy the semigroup and congruence conditions, a priori we do not 
know what the equations of the splice quotients produced from the Neumann- Wahl algorithm look 
like. Not only is it unclear whether or not (Xf^ n ,0) itself is a splice quotient, but in fact, it is not 
even clear that there exist splice quotients defined by any equation of the form z n = g(x, y). It turns 
out that there do exist such splice quotients; unfortunately, the length of the proof is such that it 
cannot be included here. That result can be found in [16]. In the case of weighted homogeneous 
splice quotients, it was shown in |15J that in general, not every deformation with the same topological 
type is analytically isomorphic to a splice quotient. Therefore, we expect that there are few cases 
for which every (Xf, n , 0) of a given topological type is a splice quotient. 

Consider the following example. 

Example 1.1. Let X n := {z n = y 5 + (x 3 + y 2 ) 2 }. The plane curve singularity defined by j/ 5 + (x 3 + 
y 2 ) 2 = is irreducible with two topological pairs, p\ =2, a x = 3, P2 = 2, and a 2 = 15. The link of 
(X n , 0) is a QHS if and only if either (n, 2) = 1 or (n, 15) = 1. We can say the following about X n : 

• If n is relatively prime to 2, 3, and 5, then (X n , 0) has ZHS link and hence is of splice type. 
In fact, we could replace y 5 + (x 3 + y 2 ) 2 by any curve with the same topological pairs, and 
we would still have a singularity of splice type. 

• If n is divisible by 3, the Main Theorem says that (X n , 0) does not even have the topological 
type of a splice quotient. 

• If n = 5k, where k is relatively prime to 2 and 3, then (X n ,0) has the topology of a splice 
quotient by Case (i) of the Main Theorem, and in fact, (X n , 0) is itself a splice quotient [IB] . 



4n [9], the result is incorrectly stated. The pairs in question are mistakenly identified as the Newton pairs instead 
of the topological pairs. 
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• If n = 2k, where k is relatively prime to 2, 3, and 5, then (X n ,0) has the topology of a 
splice quotient by Case (ii) of the Main Theorem. It is unclear whether or not (X n , 0) is a 
splice quotient. However, if we replace y 5 + (a; 3 + y 2 ) 2 by (a; 3 — y 2 — y 3 ) 2 — 4y 5 , which has 
the same topological pairs, it is a splice quotient 16j. 

The rest of this paper is entirely devoted to proving the Main Theorem. In section^ we provide a 
brief summary of the work of Neumann and Wahl. Section [3] contains a description of the resolution 
graph and splice diagram for (Xf iTl , 0). Some of the computations that are necessary for the proof of 
the Main Theorem depend upon work done by Mendris and Nemethi in [4]; section [3~T1 is a reiteration 
of this material. In section [4j we analyze the semigroup conditions for the splice diagram associated 
to (Xf tn , 0). Section [5] contains additional computations that are needed for checking the congruence 
conditions. Finally, in section [SJ we use the computations from the previous three sections to prove 
the Main Theorem. 

Acknowledgements. Special thanks are due to J. Wahl for many very helpful conversations 
throughout the preparation of this work. 

2. The Neumann- Wahl algorithm 

This section contains a summary of the method defined by Neumann and Wahl in [11] to produce 
equations for the splice quotients and their universal abelian covers; we refer to this method as the 
Neumann- Wahl algorithm. The algorithm begins with a negative-definite graph T that is a tree 
of smooth rational curves (equivalently, the dual resolution graph associated to a good resolution 
of a normal surface singularity with QHS link) and the splice diagram A associated to T. Splice 
diagrams were introduced by Eiscnbud and Neumann [2] for plane curve singularities (building on 
work of Siebenmann), and later generalized by Neumann and Wahl. If A satisfies the "semigroup 
conditions" (Definition 12. ip , then the algorithm produces a set of equations that defines a family 
of isolated complete intersection surface singularities. The algorithm also produces an action of the 
finite abelian group D(T), the discriminant group of T, on the coordinates used for the splice diagram 
equations. If T satisfies further combinatorial conditions, the "congruence conditions" (Definition 
I2.3p . then one can choose a set of splice diagram equations such that the discriminant group acts 
on every singularity (Y, 0) in the family. Furthermore, the quotient of (Y, 0) by D(T) is an isolated 
normal surface singularity with resolution graph T, and the covering given by the quotient map is the 
universal abelian covering (the maximal abelian covering that is unramified away from the singular 
point). 

In a weighted graph, the valency of a vertex is the number of adjacent edges. A node is a vertex 
of valency at least three, a leaf is a vertex of valency one, and a string is a connected subgraph 
that does not include a node. The procedure for computing the splice diagram A associated to a 
resolution graph T is as follows. First, omit the self-intersection numbers of the vertices and contract 
all strings of valency two vertices in T. To each node v in the resulting diagram A, we attach a weight 
d ve in the direction of each adjacent edge e. Remove the vertex in T that corresponds to the node 
v and the edge that corresponds to e, and let T ve be the remaining connected subgraph that was 
connected to v by e. Then the weight d ve = det(— C ve ), where C ve is the intersection matrix of the 
graph T ve . Figure Q] contains a simple example. Similarly, we define a subgraph A ve of A as follows. 
Remove v and e, and let A ve be the remaining connected subgraph that was connected to v by e. 
For any two vertices v and w in A, the linking number £ vw is the product of the weights adjacent 
to but not on the shortest path from v to w. Let £' vw be the linking number of v and w, excluding 
the weights around v and w. 



r= 




-3 -3 -3 

Figure 1. A resolution graph T and its associated splice diagram A. 



4 



E.A. SELL 



Definition 2.1 (Semigroup Conditions). The semigroup condition at v in the direction of e is 

d ve e N{£' vw | w is a leaf in A ve ). 

We say that A satisfies the semigroup conditions if the semigroup condition for every node v and 
every adjacent edge e is satisfied. Note that for an edge leading to a leaf, the condition is trivially 
satisfied. 

To each leaf w in A, associate a variable Z w . If A satisfies the semigroup conditions, then for 
each v and e as above, there exist a vw G N U {0} such that 

dve ^ ^ et vw £ vw . 

w a leaf in A^e 

Then a monomial M ve = JT Z™ vw , a product over leaves w in A„ e with a vw as above, is called an 
admissible monomial for e at v. If one associates the weight £ vw to Z^, then for this weight system, 
the so-called v-weighting, M ve has weight d v — FT d„ e , where the product is taken over all edges e 
adjacent to v. 

Definition 2.2 (Splice Diagram Equations). Suppose A satisfies the semigroup conditions. For 
each node v and adjacent edge e, choose an admissible monomial M ve . Let S v denote the valency of 
the vertex v. A a set of splice diagram equations for A is a set of equations of the form 

/ y ^ a V i e M ve — : I < i < S v — 2, v a node in A j> , 

where for each v, all maximal minors of the matrix {a V i e ) have full rank. (One can also add to each 
equation a convergent power series in the Z w for which all of the terms have w-weight greater than 
d v . Since this extension has no bearing upon the work herein, we omit it in further discussion.) 

Each vertex v £ T corresponds to an exceptional curve E v . Let E := %,E V . The intersection 

pairing defines a natural injection E E* = Hom(E, Z), and the discriminant group is the finite 
abelian group D(T) := E*/E. This group is isomorphic to Hi(E,Z). The order of D(T) is det(r) := 
det(— C(r)), where C(F) : E x E — > Z is the intersection pairing. There are induced symmetric 
pairings of E ® Q into Q and D(T) into Q. 

Suppose A has t leaves, and let Z\,...,Zt be the associated variables. Neumann and Wahl 
define a faithful diagonal representation of D(T) on C[Zi, . . . , Z t ]. Let E\, . . . , E t be the curves in V 
corresponding to the t leaves of A, and let ej G E* be the dual basis element corresponding to Ej. 
That is, ej(Ek) — 5jk - Finally, for r G Q, let [r] denote the image of the equivalence class of r under 
the map Q/Z C* defined by r t— > exp(27rir). Then the action of the discriminant group on the 
polynomial ring C[Z 1; . . . , Z t ] is generated by the action of the ej, 1 < j < t, which is defined by 
ej ■ Z k = [-ej ■ e k ]Z k , 1 < j, k < t. 

Definition 2.3 (Congruence conditions). Let T be a graph for which the associated splice diagram 
A satisfies the semigroup conditions. Then we say that T satisfies the congruence condition at a 
node v if one can choose an admissible monomial for each adjacent edge e such that all of these 
monomials transform by the same character under the action of D(T). If this condition is satisfied 
for every node v, then T satisfies the congruence conditions. 

We should mention here that Okuma gives a single condition that is equivalent to the semigroup 
and congruence conditions together, "Condition 3.3" of [13J . That this condition is equivalent to the 
semigroup and congruence conditions is shown in [11] . We will often say 'T satisfies the semigroup 
and congruence conditions", as opposed to "A satisfies the semigroup conditions and T satisfies 
the congruence conditions" . Suppose a resolution graph T satisfies the semigroup and congruence 
conditions. Then, by a set of splice diagram equations for T, we mean equations as in Definition 
12.11 such that for each v, the admissible monomials M ve transform equivariantly under D(T). A 
resolution tree T is quasi-minimal if any string in T either contains no (— l)-weighted vertex, or 
consists of a unique (— l)-weighted vertex. 

Theorem 2.4 ([llj). Suppose T is quasi-minimal and satisfies the semigroup and congruence con- 
ditions. Then a set of splice diagram equations for T defines an isolated complete intersection 
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singularity (Y,0), D(T) acts freely onY — {0}, and the quotient X := Y/D(T) has an isolated nor- 
mal surface singularity and a resolution with dual resolution graph T. Moreover, (Y, 0) — > (X, 0) is 
the universal abelian cover. 

We will use the next two propositions to check the congruence conditions. 

Proposition 2.5 ([llj). Let T be a graph for which the associated splice diagram A satisfies the 
semigroup conditions. Then the congruence conditions are equivalent to the following: For every 
node v and adjacent edge e in A, there is an admissible monomial M ve — Y[ w ^ZT such that for 
every leaf w' in A ve , 



, det(r) 



det(r) 



Remark 2.6. It is easy to check, using the following proposition, that this condition is always satisfied 
for an edge leading directly to a leaf. 

Proposition 2.7 ([llj). Suppose we have a string from a leaf w to an adjacent node v in a resolution 
graph T as in the following diagram, with associated continued fraction d/p. 

—fci — fc 2 — fc s 



f 



That is, 

d , 1 

- = h 

P h 

_1 

Then, if d v is the product of weights at v, e w ■ e w = —d v /(d 2 det(T)) —p/d. 

3. The resolution graph and splice diagram 

Let {f(x,y) = 0} C C 2 define an analytically irreducible plane curve with a singularity at the 
origin, and let Xf, n :— {z n — f(x,y)} C C 3 . In 4 , Mendris and Nemethi prove that the link of 
(Xf t1l , 0) completely determines the Newton/topological pairs of / and the value of n, with two well- 
understood exceptions. In doing so, they give a presentation of the construction of the resolution 
graph of (Xf tJl ,0) that is very useful for our purposes. Section 13.11 is a summary of the results we 
need from Mendris and Nemethi's work, and we use their notation whenever possible. In section 
13. 21 we describe the associated splice diagram. 

It turns out that when n = p s = 2, the resolution graph has a structure that differs significantly 
from the general case. It is referred to as the "pathological case" or "P-case" by Mendris and 
Nemethi, and we use this terminology as well. Some of the computations must be done separately 
for the pathological case. 

3.1. Resolution graph. Suppose that / has Newton pairs {(pk,qk) | 1 < k < s} (see [2], p. 49). 
They satisfy the following properties: qi > p\, q^ > 1, > 2, and gcd(pk, qk) = 1 for all k. Define 
integers <Xk by a\ = ?i, and 

(1) a k = q k + Qk-iPk-lPk, 2<k<s. 

The pairs {(p k ,ak) \ 1 < k < s}, defined by Eisenbud and Neumann in [3J, are referred to as the 
topological pairs of /. These are the integers that appear in the splice diagram of the link of the plane 
curve singularity defined by / = in C 2 . Note that a\ > p\, a k > a k -iPk-iPk, and gcd(pk, ak) = 1 
for all k. 

The topological pairs {{pk, flfc) 1 < k < s} are related to the Puiseux pairs {(j>k, nik) 1 < k < s} 
as follows: a\ = mi, and ak = m k — m,k-iPk + a-k-iPk-iPk, for 2 < fc < s. Furthermore, let 
fa, < k < s, be the generators of the semigroup associated to the plane curve singularity defined 
by / (see [TJ]). Then we have (3 = pip 2 ■ ■ -p s , Pk — akPk+i • • -p s for 1 < fc < s - 1, and (3 S = a s . 

By an embedded resolution of the germ of a function g : (X, 0) — > (C, 0) we mean a resolution 
of the singularity ir : X — > X such that ir~ 1 ({g = 0}) is a divisor with only normal crossing 
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singularities. We also assume that no irreducible component of the exceptional set 7r -1 (0) intersects 
itself and that any two irreducible components have at most one intersection point. The minimal 
good embedded resolution graph of / : (C 2 , 0) — * (C, 0) is a tree of rational curves, denoted T(C 2 , /). 
The construction of the graph T(C 2 , /) is well-known (e.g., pQ). Reproducing the notation of Mendris 
and Nemethi [4], we consider this graph in a convenient schematic form (Figure [2]), where the dashed 
lines represent strings of rational curves (possibly empty) for which the self-intersection numbers are 
determined by the continued fraction expansions oipk/qk an d qk/Pk (see §5.21 for details). 



— •— 



>'2 
— »— 



V 3 -l 



V s 



"1 



I i 



t>2 



Figure 2. Schematic form of T(C 2 , /), reproduced from 0]. 

There is an algorithm for constructing an embedded resolution graph (not necessarily minimal) 
of the function z : (Xf. n ,0) — > (C,0) from the graph T(C 2 , /). Here, we follow the presentation in 
0], reproducing only what is necessary for our purposes. The output of this algorithm, without 
any modifications by blow up or down, is referred to by Mendris and Nemethi as the canonical 
embedded resolution graph of z in (Xf, n ,0), and is denoted T can (X f t7l , z). The n-fold "covering" or 
"graph projection" produced in the algorithm is denoted q : T can (X z) — * T(C 2 , /). 

Definition 3.1 ([!]). Define positive integers dk, hk, hk, p' k , and a' k as follows: 

• al k = (n,p k+1 p k+2 ■■•Pa) for < k < s - 1, 

• 4 = 1; 

and, for 1 < k < s, 

• hk = (Pk,n/d k ), • p' k = pk/hk, 

• hk = (a k ,n/dk), • a' k = a k /h k . 

If w is a vertex in T(C 2 ,/), then all vertices in q^ 1 (w) have the same multiplicity and genus, 
which we denote m w and g w , respectively. 

Proposition 3.2 ([4 ). Let q : T can (X f >n , z) — > T(C 2 , /) be the "graph projection" mentioned above. 
Then T can {Xf tn ,z) is a tree such that the following hold: 

(a) #q- l (v s ) = l L #q- 1 (v k ) = hk +1 ---h s , (1 < k < s - 1) 

#(7 _1 ( : ul) = h s , #(j _1 ( : uF) = hkhk+i ■ ■ ■ h s , (l<fc<s-l) 

#9 _1 (^) = h\---h s ; 

(6) m Vk = a' k p' k p' k+1 ---p' s (l<k<s), 
m w = p' 1 p' 2 ---p' s , 

m W = a 'kPk+i ■ ■ ■ P's (l<A;<s-l), 

(c) = _ (0<fc<s), 

g Vk = (h k -l)(h k -l)/2 (l<k<s). 

In particular, the link of (Xf^ ni 0) is a QHS if and only if (h k — l)(h k — 1) = for all k, 1 < k < s. 

The schematic form of T can (X f iTl , z) is displayed in Figure 02 which is reproduced from 0]. 
Abusing notation, we have labelled any vertex in q~ x {v k ) (respectively, <7 _1 (T>fc)) with v k (respec- 
tively, Vk). The dashed lines represent strings of vertices that are not necessarily minimal. By the 
construction, each string must contain at least as many vertices as its image in T(C 2 , /). A vertex 
is called a rupture vertex if cither it has positive genus or it is a node. Note that any rupture vertex 
of T can (Xf in , z) must be in g~ 1 («fc) for some k. 
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Figure 3. Schematic form of T can (Xf }Jl , z), reproduced from g]. 



Certain subgraphs of T can (X f i7l , z) and their determinants. Let w be a vertex in r(C 2 ,/), and let 
v 1 be any vertex in q~ 1 (w). If w = Vk for some k, 1 < k < s — 1, then the shortest path from 
i>' to the arrowhead of T can (X / t „, z) contains at least one rupture vertex, and the rupture vertex 
along that path which is closest to v' is a vertex v" £ Define r(V) to be the subgraph 

of T can (X f >n , z) consisting of the string of vertices between v' and v", not including v' and v". If 
w = v s , then the shortest path from v' to the arrowhead is a string; let T(v') be this string, not 
including v' . Finally, if w — Uk, < fc < s, let v" be the rupture vertex that is closest to v' on the 
shortest path from v' to the arrowhead. Define T(v') to be the subgraph of consisting of the string 
of vertices from v' to v", including v' but not v" . Up to isomorphism, none of these strings depend 
upon the choice of v' in q~ 1 (w), so whenever the particular vertex v' does not matter, we will simply 
denote them r(w;). 

Fix an integer fc, 1 < k < s, and fix a vertex v' in q^ijtk). Consider the collection of connected 
subgraphs that make up T can (Xf tn , z) — {v'}. There are isomorphic components that are strings of 
isomorphism type T(Vk). There is one connected subgraph that contains the arrowhead; denote this 
subgraph Ta{v')- The remaining components are all isomorphic. Let r_(u') denote any of these 
isomorphic subgraphs. Again, whenever the particular choice of v' is unimportant, we use T_(vk) 
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instead of r_(«')> and T A (vk) instead of T A (v'). Note that r_(wi) = T(vfi) and T A (v s ) = T(v s ). We 
should also point out that the subgraphs T A (v k ) do not appear in [J; in particular, T A (v k ) is not 
the same as their T + (v k ). 

For any resolution graph T, let det(T) := det(— C), where C is the intersection matrix of the 
exceptional curves in T. If T is empty, then we define det(r) to be 1. Nearly all of the determinants 
of the subgraphs defined above are explicitly computed by Mendris and Nemethi in [4], and those 
that are not can be computed by the same method. 

Lemma 3.3 ( 4 ). For any w in F(C 2 ,/) as above, let D{w) := det(T(w)). Then 
D(vo) = a[, 

D(vk) = p' k , fori <k<s, 
D(v s ) = n/(h s h s ), 

D(v k ) = nq k +i/(dk-ih k hk+i), for 1 < k < s - 1. 

It follows from the construction of T can (Xf n , z) that if D(v s ) = 1, this indicates that r(u s ) is 
empty, and the arrowhead in T can {X * n , z) is connected directly to the unique vertex in q -1 ^^. 

Lemma 3.4 (g]). Let D_(v k ) := dct(r_(u fe )), 1 < k < s. If s > 2, then for 2 < k < s, 



D-(v k ) 



(«U) hw_ Vw) 



hk-i-l 



£>-(w fe _i) 



hk-i 



The method used to prove Lemma 13.41 can be suitably modified to prove the next two lemmas. 
The computation is straightforward, so we omit the proof. 

Lemma 3.5. Assumes > 2, and let D A (v k ) :— det(T A (v k )), 1 < k < s. Let A k be defined recursively 
by A s -i = a s _ip s _ip' s + q s , and, for 1 < k < s - 2, 



A,, 



a k p k p k „ 



k +i 



Then 



iA k 



D A (v k ) = 



{n 



j= k +i\P 3 ) ^ 



q k +\o k +2 



h k h k d k a k+1 ■ ■ ■ a s 
Lemma 3.6. The determinant ofT can (Xf^ n ,z) is given by 



for 1 < k < s — 1. 



det(r«™ (X f , n ,z)) = (a' 3 ) h -- 1 (p' a ) h - 

A minimal good embedded resolution graph of z in (Xf^ n , 0), denoted T mm (X f^ n , z), is obtained 
from T can (Xf^ n , z) by repeatedly blowing down any rational (— l)-curves for which the corresponding 
vertex has valency one or two. By dropping the arrowhead and multiplicities of T mm (Xf^ n , z) and 
then blowing down any appropriate rational (-l)-curves, we obtain a minimal good resolution graph 
of {X f<n , 0), denoted T mm (X f ^). 

Proposition 3.7 ( 4 ). All of the rupture vertices in T can (X j „, z) survive as rupture vertices in 
T mm (Xf^ n ,z). That is, they are not blown down in the minimalization process, and after minimal- 
ization, they are still rupture vertices. 

Proposition 3.8 ( 4 ]). A ssume that by deleting the arrowhead ofT mm {Xf >n ,z) we obtain a non- 
minimal graph. This situation can happen if and only if n — p s — 2. In this case, the link is a 
and T mm (Xf tn , z) has the following schematic form, with e > 3. 



D-(v s ) 



i i 



i i 
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The minimal resolution graph T mm (Xf. n ) is obtained from T mm {Xf^ n ,z) by deleting the arrowhead 
and blowing down v. 

Propositions 13 . 71 and 13.81 imply that all of the nodes in T can (X z) remain nodes in the minimal 
good resolution graph of (Xf !n ,0) except in the case n = p s — 2. We refer to n = p s — 2 as the 
pathological case, and it is treated separately in what follows. 

3.2. Splice diagram. From now on, we assume that the link of (Xf tn) 0) is a QHS. That is, for 
each k, 1 < k < s, either hk or hk is equal to 1. One complication that arises is that certain strings 
in T can (Xf^ n , z) may completely collapse upon minimalization. Therefore, if we use the minimal 
good resolution graph r mm (Xf yn ) in what follows, we would constantly need to note that certain 
strings may be empty, and more importantly, that certain leaves in the splice diagram may not be 
present. We will avoid this by using the splice diagram associated to T can (Xf yn ) 7 the graph that 
results from deleting the arrowhead and multiplicities in T can (X z). We could easily use a quasi- 
minimal modification of T can (Xf_ n ), and the computation of the splice diagram would not change. 
Therefore, we can apply Theorem 12.41 to T can (X f, n )- 

Splice diagram in the general case. Assume we are not in the pathological case, and let A/ iTJ be the 
splice diagram associated to Tf, n := T can (Xf yn ). If a vertex v in Tf in is in (respectively, 
q~ 1 (vk)), we say that v is "of type Vk" (respectively, Uk). We use the same terminology for the 
corresponding vertices of A /,„ . 

Consider a node v of type Vk, 1 < k < s, in ry„. In general, there are hk + hk + 1 edges adjacent 
to v: hk edges that lead to strings of (isomorphism) type T(vk), hk edges that lead to subgraphs of 
type T-(vk), and 1 edge that leads towards a subgraph of type r^(ufc). The corresponding pieces 
of Af yTl associated to the subgraphs of type T-(vk) and T^Ufc) are denoted A-(vk) and A^Ufc), 
respectively. Recall that T_(wi) = r(«o), and Ta(v s ) = T(^s), and keep in mind that T(v s ) may be 
empty. 

The weights of the splice diagram A/ „ are given by Lemmas 13.31 13.41 and !3.5l At a node of type 
Vk in A^ n , the weights on the hk edges that lead to leaves of type Vk are D(Uk) = p' k ; the weights 
on the hk edges connected to subgraphs of type A_(ffe) are D_(vk); and the weight on the single 
edge connected to the subgraph of type A^ffc) is DA{vk) (see Figure H]). 



The pathological case. For this case (n = p s = 2), it is more convenient to use the splice diagram 
associated to the minimal resolution graph T mm (Xf yn ) (see Figure [5]). Here, h s = 2, hence n/h s — 
n/d s -i = 1. Then, by definition hk = hk = 1 for 1 < k < s — 1, and h s — 1 since gcd(p s ,a s ) = 1. 
The link is a QHS, and the only string of type T(vk) that collapses completely in r mm (A/ ; „, z) is 
r(tJj) (Proposition 13 ,8p . The graph T mm (Xf tn ) has a total of 2(s — 1) nodes: two of type Vk for each 
k, 1 < k < s — 1. Each of these nodes has valency three. 

Since the determinant of a resolution tree remains constant throughout the minimalization pro- 
cess, the weights of the splice diagram associated to T mm (X f^ n ) can be determined from Lemmas 




Figure 4. Splice diagram at a node of type Vk, 2 < k < s — 1. 
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and 13.51 Since hkh k = 1 for 1 < k < s — 1, we have Z?_(vfc) = a k for 2 < fc < s. Define 
integers A k as follows: 

A-k '■= a s ~ a-kPkPl+i ■ ■ -Pl-v for 1 < fc < s - 2, and 
A s -i := a s - a s _ip s _i. 
It is easy to check that Dji(vk) = A-k for 1 < fc < s — 1. 



• • 



a s _i A s 
• 



A s _i a s _i 
• 



• • 



Figure 5. Splice diagram for the pathological case. 



4. The semigroup conditions 

In this section, we discuss the semigroup conditions for the splice diagram A/ iM . Throughout 
this section, we assume that we are not in the pathological case. For a node v of type Vk in Aj ira , 
1 < fc < s, there are at most two inequivalent semigroup conditions to check: one for an edge that 
leads to a subdiagram of type A_(«fc) (nontrivial for 2 < k < s), and one for the edge that leads to 
a subdiagram of type Aa(v)c) (nontrivial for 1 < k < s — 1). Clearly, for a fixed fc, the semigroup 
conditions are equivalent for any node v of type Vk- 

Semigroup conditions in the direction of A -(vk). 

Lemma 4.1. Let v be a node of type Vk, 2 < fc < s, and let Wj be a leaf of type vj in A_(u), < 
j < k — 1. Then 



{D^v k )/a' k )p' v --p' k _ x 
(D_(v fc )/a' fc )a^ 

(£>_(«*)/«*K-i 



'jPj+l ' ' 'Pk-l 



for j = 
forl<j<k-2 
for j = k — 1 . 



Proof. We prove this by induction on fc. For fc = 2, the lemma is true, since if v is a node of type i>2, 

£' 



£' = 
D-(v 2 )/a' 2 = 



K)^(Pi)^- 1 , and 

Kf-Vi)^ 1 - 

Now assume the lemma is true for fc = i — 1; we show that it is true for fc = i. Fix a node i> of type 
Vi, and (abusing notation), let denote the unique node of type in A_ (v). For < j < i — 2, 
any leaf of type vj in A_(w) is in one of the subdiagrams of type A_(i>i_i). Thus (refer to Figure [6]) 

' iM^-i)' 11 - 1 ^-!^ 1 ^^. for < j < i - 2, 
£_( ? ; l _ 1 )' i °- 1 tp' i _ 1 ) ,l >- 1 - 1 for j = i - 1. 



A_(uj_i) 



A_(^_!) 





A A («i) 



Figure 6. Relevant portion of A/ jn at a node i> of type Vi 



By LcmmaEH we have = (p^_ 1 )' l - 1 - 1 J D_( ? ; J _ 1 )' 1 - 1 - 1 • 

the induction hypothesis yields the desired result. 



Applying this fact and 
□ 
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Proposition 4.2. At a node of type Vk, 2 < k < s, the semigroup condition in the direction of any 
of the hk edges that lead to a subdiagram of type A-(vk) is equivalent to 

(2) a' k G N«_ l5 p[p' 2 ■ ■ -p'^, a' jP ' j+1 ■ ■ -p' k _ 1: 1 < j < k - 2). 

Furthermore, if hk = 1, this condition is automatically satisfied. 

Proof. Fix a node v of type Vk in A/ jM . By Definition 12. 1[ the condition is 

£>_(u fc ) G N(C | w is a leaf in A_(u)). 

The leaves in A_(v) are of type 177, for j such that < j < k — 1. Hence, there are k generators for 
the semigroup in question, namely, l' vw . , < j < k — 1, where w,- denotes any leaf in A_ (u) of type 
vj. The first statement of the Proposition follows from Lemmas 13.41 and 14. li since D-(vk) and all 
generators of the semigroup are divisible by D-(vk)/a' k . 

The second statement follows from [12] . Proposition 8.1. □ 

Semigroup conditions in the direction of A^Vfc). Fix an integer fc, 1 < k < s — 1, and fix a 

node v of type Vk- By definition, the semigroup condition is DA(vk) £ R*, where 

R k :=Wvw I «« is a leaf in A A (v)). 
Refer to Figure[7]for what follows. There is at least one leaf w s in Aa(v) of type connected to v s 




Figure 7. Relevant portion of A/ „ at a node v of type Vk- 

(the unique node of type v s ), and if n/h s h s =/= 1, there is a leaf w a resulting from the string r(u s ) in 
Tf. n . These contribute £' VWs and l' VWa as generators of R^. 

Next, travel along the shortest path from v to v s . If k < s — 1, this path contains one node of type 
v m , for each m such that k + 1 < m < s — 1. Since there can be no confusion here, we will simply 
refer to the nodes along this path as v m . Each of these nodes is directly connected to at least one 
leaf w m of type u^. Each such leaf contributes the generator i' VWm to R&. If hi = 1 for k + 1 < i < s, 
there are no other types of leaves in Aa(v), and we have listed all the generators of R^. 

For each m such that h m ^1, k + 1 < m < s, there are more generators for R^, namely £' vw for 
each type of leaf w in A_(u m ). There are m such different types of leaves: type vj, for j such that 
< j < m — 1. Let w™ be a leaf of type vj in A_(w m ). Then the generators of the semigroup Rfc 
are: 

Cw k + l<m<s, } 
C vw m , < j < m — l,for all m such that fc + 1 < m < s and /i m 7^ 1 I 

(absent if n/h s h s — 1) J 
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Proposition 4.3. Suppose h s > 1. Then the semigroup conditions imply that h s = p s and h s -ih s -i = 
1. 

Proof. Note that since the link is a QHS, h s > 1 implies h s = 1. Let v be a node of type v s -%, and 
consider the semigroup condition at v in the direction of Aa{v): Da(v s —i) is in the semigroup R s -i- 
The generators of R s _i are £' vw , £' vw s, < j < s — 1, and ^ w (absent if n/h s = 1). It is easy to 



A_(u,_0 



A_(t)._0 






D-(«.) 


a 






















A_(u s ) 


ill). 





Figure 8. Splice diagram A/, n for h s = 1. 



check (see Figure [8} that 



C. = (n/h.)D-(v.) 

Z'vw a = P's D -{v s ) 

e vw s = (n/h s )p' s D_(v s ) 



h,-l 



h,-l 



and 

hs—2 0' 



By Lemma 13.51 since <i s -i = /i s and a' s = a s 

D a (v s --l) 



h s -ih s ~ih s a s 



where A s _i = a s _ip s _i^+9 s = a s -a s _ip s _i(p s Note that n/(h a -ih a -ih a ) and D-(v s ) hs 1 /a s 
are both integers in this case. Since p s > p' s = p s /h Sl 



■[a s -a s _ip s _i(p s -p'J] < 



n 

-a., < — a s , 



h s -ih s -ih 8 h 8 -ihg-ih s 

and therefore Da(v s -i) < £' VWs - Hence we can forget about the generator t' VWs , since it is too large. 
By Lemma [4~T1 

{ Pi ■ ■ -Ps-i ■ D_(v s )/a s for j = 

£' VsW s = I a' jP ' j+1 ■ ■ • D-(v.)/a B for 1 < j < s - 2 
[ a' s _! • D-{v s )/a s for j = s - 1. 

So, all generators of R s -i and Da(« s -i) are divisible by D-{v s ) hs ~ 1 / a s , and the semigroup condition 
is equivalent to the following: n/(Ji s —ih s —ih s )A s -i is in the semigroup generated by 

n . , n , . 



(3) 



i ■ 1 < i < s - 1, a s p' (Absent if = 1) I 

/is J 



All of the generators of this semigroup are divisible by p' s . Therefore, the semigroup condition implies 
that p' s divides n/(h s ^ih s ^ih s )[a s — a s _ip s _i(p s — p' s )]. Suppose p' s > 1. Since p' s divides p s — p' s , 
and (a s ,p s ) = 1, this implies that p' s divides n/ (h s —\h s —\h s ). This is impossible, since by definition 
p' s = p s / (n,p s ), and thus (jp' s ,ri) = 1. Therefore we must have p^, = 1. Since p' s = p s /h s , we have 
shown that the semigroup conditions imply h s — p s . 

Now we show that the semigroup conditions imply h s -xh s -x — 1. Note that if n/h s = 1, this is 
automatically true by definition of hi and hi- Therefore, assume that n/h s ^ 1. Observe that all of 
the generators in ([3]) are divisible by n/h s except for a s - Therefore, if the semigroup condition is 
satisfied, there exist M and N in N U {0} such that 



i/(h s -ihs-ihs)[a s - a s -ip s -i{p s - 1)] = Ma s + Nn/h s 
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Hence, 



(n/ Qi a -ih a -ih a ) - M^j a s 



Nn/h s + n/ {h a -ih a -ih s )a s -xPs-l(jPs 
n/h s {N + a' s _ 1 p'^ 1 {p s -l)). 



1) 



Since (n,a s ) = 1 by assumption, this implies that n/h s ^ 1 divides 

n . , . n 



< 



M < 



< 



hs—ihs 

n 



M. But we have 



h s -ih a -ih a h s _ih s _ih s "* 

Therefore, the only possibility is n/h s — n/(h s —ih s —ih a ) — M, i.e., M = and h s —ih s —i 



1. 



□ 



Lemma 4.4. Assume s > 3, and that h s -\h s —i = 1. TTien i/ie semigroup conditions imply that 
hkhk = I for I < k < s - 2. 

Proof. We prove this by strong downward induction on k. First we show that the semigroup condi- 
tions imply that /i s _2^s-2 = 1- By Proposition 13.2( a). there are h s nodes of type u s _2; let v be any 
such node. We will show that the semigroup condition for v in the direction of A. A (v) cannot be 

satisfied if ft. s _2^ s -2 ^ 1- 

Let Ai = a s — aiPip 2 i+1 ■ ■ ■p 2 s _ 1 (p s — p' s ), 1 < i < s — 2. By Lemma T3.51 



Da(v s -i) = 



and 



D A (v s - 2 ) 
The generators of R s _2 are 



n(p s ) h °- 1 

rtA 3 _iD_(-» 3 )'' 
h s a s 

<ps)' 



h,-2h,-- 



nA s - 2 D-(v s ) s 
h 3 —2h s -2h s a 3 



for h s = 1 
for h s > 1, 

for h s = 1 
for /i s > 1. 



-Da(w s -i), 

n/(/iX)p s _ 1J D_(« s )^"V^ 
n/{h s h s )p s -xD.(v a )^-y s K 



0<j<8-l, 



} ■ 



although the {t' vw s} jZ are absent if h s — 1, and £' VWa is absent if n/h s h s = 1. 
We will consider two separate cases: (i) h s = 1, and (ii) h s > 1. 

Case (i). If h s = 1, it is easy to see that if /i s _2^ s -2 7^ lj then £' vw > Da(v s -2)- Then, since 
Da(v s -2) and every generator of the semigroup are divisible by (p s )' ls_1 , the semigroup condition is 
equivalent to: n/ (ft. s _2^s-2) is in the semigroup generated by p s -\n/h s andp s _ip s (absent if n/h s = 
1). Thus the semigroup condition implies that n./(/i s _2^s— 2) is divisible by p s -i, which is impossible 
since h s -\ — (n,p s -x) = 1. Therefore, we must have /i s _2/i s -2 = 1- (Note that the argument is valid 
even if n/h s = 1 or h s — 1.) 

Case (ii). For h s > 1, the proof that h s -2h s -2 must be 1 is nearly identical to the proof of 
Proposition 14.31 so we just give the outline here. Recall that the semigroup conditions imply that 
p' s = 1 in this case. Furthermore, we can assume that n/h s 7^ 1, since otherwise the Lemma is 
trivially true by definition of hi and hi. 

Dividing Da{v s -2) and all the generators of R s _2 by D_(u s )' ls_1 /a s , we see that the semigroup 
condition for v in the direction of Aa(v) implies that nj ' (h s -2h s -2h s )A s -2 is in the semigroup 
generated by a s p s -\ and a collection of positive integers that are divisible by n/h s . The semigroup 
condition implies that there exist M and N in N U {0} such that 

n/(h s -2h s -2hs)A s -2 = Ma s p s -i + Nn/h s . 

Just as in the proof of Proposition 14.31 we see that we must have M = and h s -2h s -2 = L Thus, 
we have taken care of both cases in the basis step. 
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For the inductive step, assume that hihi — 1, for all i such that k+l<i<s — 1. Now let u be 
one of the h s nodes of type Vk ■ One can show that the semigroup condition for v in the direction of 
Aa(v) cannot be satisfied if hkhk ^ 1- In both cases h s = 1 and ft s > 1, the proof is essentially the 
same as that of the basis step, so we omit the details. □ 



Proposition 14.31 and Lemma 14.41 together imply the following 

Corollary 4.5. Suppose h 8 > 1. Then the semigroup conditions imply that h^h^ = 1 for 1 < k < 
s - 1. 

In section [5J we will see that for the case h s = 1, the semigroup conditions and congruence 
conditions together imply that hkhk = 1 for 1 < k < s — 1. 

5. Action of the discriminant group 



In order to use Proposition ^. 5l to check the congruence conditions for the resolution graph r/, n , we 
must compute e w ■ e w for all leaves w. By Proposition ^. 71 this amounts to computing the continued 
fraction expansions of the strings from leaves to nodes. This is essentially done in Mendris and 
Nemethi's paper ([4], proof of Prop. 3.5), but we need a bit more detail than they included. 

5.1. Background. We begin with a summary of facts that we need, which can be found in [5]. Let 
a, Q, and P be strictly positive integers with gcd(a,Q,P) = 1. Let (X(a, Q, P), 0) be the isolated 
surface singularity lying over the origin in the normalization of {{U a V Q = W p },0). Let A be the 
unique integer such that < A < P/(a, P) and 

^ ^ a P 

Q + A • t — = m ■ - — — , 

{a,P) (a,P) 

for some positive integer m. If A ^ 0, then let ki, . ■ ■ , kt > 2 be the integers in the continued fraction 

r P/(a.P) 

expansion ot ' V ' . 

The minimal embedded resolution graph of the germ induced by the coordinate function V on 
(X(a, Q, P),0) is given by the string in Figure[5] (omitting the multiplicities of the vertices). If A = 0, 

-fci -k 2 -k t 
(Oh — • • •- 



Figure 9. The embedded resolution graph T(X(a, Q, P), V). 

the string is empty. One can similarly describe the embedded resolution graphs of the functions U 
and W, but we do not need them here. 

Lemma 5.1. Let N, M, P, and Q be positive integers such that (Q, P) = 1 and (N, M) — 1. Let Y 
be the resolution graph of the singularity in the normalization of ({l/V® = W p , T N — V M },0) C 
(C 4 ,0). Let A be the unique integer such that < A < P/(N,P) and 

^ N p 
Q-. r + A = m 



(N,P) (N,P) 

for some positive integer m. Then if A ^ 0, T is a string of vertices with continued fraction expansion 

P/(N.P) 
A 

Proof. We may assume M = 1, since it easy to check that the singularity in question has the 
same normalization as {UV® = W p , T N = V} C C 4 . Therefore, T is the resolution graph of the 
singularity in the normalization of {UV® N = W p }, which is the same as the resolution graph of 



X I 



f 1 Q— —} = l UV QN/(N,P) = W P/(N,P) } 

{ l ^(N,py(N,p)J iUV w i - 



□ 
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5.2. Strings in Tf t „. We need the continued fraction expansion of the strings in Tf <n from leaves 
of type Vk, < k < s, to the corresponding node of type v k (from type Uq to type t>i). First we 
recall the construction of r(C 2 ,/), the minimal good embedded resolution graph of / in C 2 , as in 
[4]. Let / have Newton pairs {(pk,Qk) | 1 < k < s}. Determine the continued fraction expansions 

E*- u ° 1 and 2t- u o_ 1 

— — /i fc ^ , ana — — v k 



Qk ,,i _ 1 Pk „i i_ 



where /it?, v k > 1, and fA, vL > 2 for j > 0. Then T(C 2 , /) has the schematic form given in Figure 
[21 The strings from to V\ and from to Vf., 1 < k < s, are given in Figure ITD1 The multiplicities 
of the vertices Vk are m Vk = akPkPk+i ■ "Ps, f° r 1 < fc < s. 

Ml Mi Mi 
?5J • • • • V\ 



~ v k - v k - v k 

Vk • • • • v k 

Figure 10. Strings in T(C 2 , /). 
Consider the string in Figure [TT1 The continued fraction expansion u^ k ] corresponds to 

v k V k u k 
(0) t • • • > (a k p k ■ ■ -p s ). 



Figure 11. String from T(C 2 , /). 



Pk/Vk, where qk + rjk = ^Pk- Let X := X(l,qk,Pk)- Then this string is the embedded resolution 
graph of V akpk+1 '" pa in X. It follows from the construction of Tf : n that the collection of strings 
that lies above this one in Tf t1l is the (possibly non-connected) resolution graph of the singularity 
in the normalization of {UV q « = W Pk , T n = V akP "+ 1, " p '}. There are (n,a k pk+i • • -p s ) = hkd k = 
hkhk+i ■ ■ ■ h s connected components (see Definition 13. ip . each being the resolution graph of the 
normalization of 

WV qk = W Pk , T n ^ hkdk) = V a ' kP ' k + 1 "' p '°}. 

Now we are in the situation of Lemma 15. 1[ with Q = P = Pk, and N = n/(hkdk). We have 
(N,P) = (n j (hkdk) , Pk) = hk by definition of hk, and so in this case P/(N,P) = p' k (as expected 
from Proposition 13. 3p . If p' k = 1, then upon minimalization, the string of type Vk would completely 
collapse. 

Suppose p' k ^= 1. By Lemma 15.11 the continued fraction expansion of the string(s) from a leaf of 

type Wk to the corresponding node of type Vk in the minimalization of the resolution graph Tf iTl is 

given by p'klv'ki where rj k is the unique integer such that < rj' k < p' k and 

n , , 

Ik ~ +r] k = mp k , 
hkhkdk 

for some positive integer m. Since a k = q k + a^-iPk-iPki we have 

Ti 

(4) i k = -a k ■ ~ (mod p' k ). 

hkhkdk 

Knowing the congruence class of rj' k modulo p' k is enough for our purposes. 

The continued fraction expansion from vq to v\ in T(C 2 ,/) is given by 91/770 = Q-i/vo, where 
Pi + Vo = Mi°i- Using an argument analogous to the one above, we have that if a[ 7^ 1, the 
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continued fraction expansion of the string(s) from a leaf of type vq to the corresponding node of 
type v\ in the minimalization of Tf n is o,'i/t]' , where 

Ti 

Vo = -Pi ~ — ( m od a\). 

h\h\di 

Recall the notation defined in section O for r £ Q, [r] = exp(27nr), and for a leaf w € T f <n , e w 
denotes the image in the discriminant group of the dual basis element in E* corresponding to w. 

Corollary 5.2. Let w k be any leaf of type Vk in Tf rn , < fc < s, and assume that p' k ^ 1 (assume 
a\ ^ 1 for k = 0). Then 



[ e w k • e w k ] — * 



(n/hihidi)(pia2 ■■■a s — Aip[) 



a : a 2 • • ■ a, 
(n/h k h k d k )(a k a k+1 ■■■a s - A k a' k ) 

p' k a k+ i ■ ■ ■ a s 
(n/h s h s )(a s - a'„) 



fork = 

for 1 < k < s — 1 

for k = s. 



Proof. Proposition 1 2 . 71 savs that for a leaf w connected by a string of vertices to a node v, 

e w ■ e w = -d v /(d 2 det(r)) —p/d, 

where d v is the product of weights at the node v, and d/p is the fraction corresponding to the string 
from w to v. Let d Vk be the product of the weights at any node of type v k , 1 < k < s (refer to 
FigureE]). Then d Vk = D A (v k )D_(v k ) h "{p' k ) r K 

We need the following fact, which follows from Lemmas l3.4l and [531 For any k such that 1 < k < s, 



Now, for 1 < k < s — 1, 



det(r / ,„) = ^-^n^)' lj " 1 ^-( 

k j=k 



DA(v k )D-(vk) hk (p' k ) hk rj 

(p;) 2 det(r) p' k 

h k h k d k a k+1 ---a B 



t'i 



W^t 1 (li: M- h f i> : 

n/(h k h k d k )A k a' k r/' k 



1 
Pk 



P k a k +i ■ ■ ■ a s 
Applying the congruence (UJ), we have 



P' k 



-"W k ^w k \ 



(n/h k h k d k )a k (n / h k h k d k ) A k a' k 



P'k 



P fc afc+i • • • a s 



and from here it is clear that the corollary is true. In the same way, it is easy to check that that 
[e W Q ■ e Wo ] and [e W3 ■ e Ws ) are as stated. □ 

6. Proof of the Main Theorem 

In this section, we prove the Main Theorem, which determines precisely which (X/ irt ,0), with / 
irreducible, have a resolution graph Tf^ n and associated splice diagram A/ jra that satisfy both the 
semigroup and congruence conditions. 

Remark 6.1. 1) The link is a ZHS if and only if n is relatively prime to all pi and ai (see [T2"]). 
This is equivalent to all hi and hi being equal to 1. Hence this case belongs to (i) of the 
Main Theorem. 

2) For the so-called pathological case n = p s = 2, both semigroup and congruence conditions 
are satisfied only for s = 2. 
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3) There are classes of (X/, n , 0) for which the semigroup conditions are satisfied but the congru- 
ence conditions are not, but we do not write up a complete list of these types. An example 
with this property is given by n = 2, s = 2, p± = 2, a± = 3, P2 — 3, and a-i — 20. The 
minimal good resolution graph and splice diagram for this example are given in Figure 1121 



Figure 12. Example for which the semigroup conditions are satisfied but the con- 
gruence conditions are not. 



We must treat the cases h s = 1 and h s > 1 separately. The second case takes much more work 
than the first. 

6.1. Case (i) h s = (n,p s ) = 1. First of all, we have the following 

Proposition 6.2. Suppose h s — 1. IfTf <n satisfies the semigroup and congruence conditions, then 
hihi — 1 for 1 < i < s — 1. 

Proof. In light of Lemma 14.41 it suffices to show that the semigroup and congruence conditions imply 
/i s _i/i s _i = 1. We claim that the congruence condition at the unique node v of type i> s _i cannot be 
satisfied if h s -ih s -i ^ 1. Let Uj, 1 < j < h s , denote the leaves of type in A/.„, and let y denote 
the leaf that arises from the string T{v s ) in T can (X f >n , z), as in Figure fl3l If n/h s = 1, then the leaf 




Figure 13. Splice diagram for h s — 1. 



y does not exist, but one can see that the argument holds regardless. 

The semigroup condition at v in the direction of Aa(v) says that there exist j3 and ojj, 1 < i < h s , 
in N U {0} such that 

D A (v s ^) = (jl^ {Psf^n/K+Pipsf*. 
It follows from Lemma 1331 that Da(v s -i) = n/(h s ^ih s ^i)(p s ) ha ~ 1 . Therefore, we have 
(5) n/(h a -ih a -i) = \ ^2 a i\ n/h s +(3p s . 

If h s = 1, it is clear that h s -\h s ^i must be 1; for, if not, Ui must be zero, which would imply that 
p s divides n/(h s —xh s —i). But this contradicts the assumption that h s = 1. Furthermore, note that 
if all cti > 1, this implies that all oii must equal 1, (3 must be 0, and h s -\h s -i = 1. If we assume 
h s -\h s -i 7^ 1, then there exists j such that ay =0. 
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Let Uj be the variable associated to the leaf Uj (respectively, Y associated to y). By Proposition 
2.51 the congruence condition at v in the direction of Aa(v) implies, in particular, that there exists 
an admissible monomial H = U" 1 ■ ■ ■ JJ—'Y 13 such that for every leaf Uj, 1 < j < h s , 



det(I7,„) ^ det(T Ln ) 
For the particular j such that ctj = 0, this condition is 



det (!>,„) 



(G) 







det(T/,n) ^ det(T />n ) 



det(r />n ) 



By Lemmas 13.41 and 13.61 

det(r /)Ti ) = (p.)^ 



(p.) fc -- l (pLi) h - i - l i3 " ( !r l)fc ' 



t s-l 



One can easily see that [£ VUj / det(r/,„)] = [0], [£ yUj / det(r/,„)] = [0], and [£ UiUj / det(Tf !n ] 
(a' s n/h s )/p. 

0] ; that is 



for the leaf uj is 



a s n/ he 



for i ^ j. Thus the congruence condition 
_^ a' s n/h s G Since al, and n.//i s are relatively prime to p s , this implies that 
Ei^j a « ^ But, by Equation ([5]), this implies that n/(h s -ih s -i) is divisible by p s , which is a 
contradiction. Therefore, we must have h s —±h s —i = 1. □ 



This leads us to the following 

Proposition 6.3. Suppose h s = 1. Then Tf tTl satisfies the semigroup and congruence conditions if 
and only if both of the following hold: 

(I) hitii = I for I < i < s -I, 

(II) a' s = a s /h s e N(a s _i, pi ■ ■ -p s -i, a.jp j+1 ■ ■ -p s -i : 1 < j < s - 2). 
Remark 6.4. The condition (II) is clearly not always satisfied. For example, take n divisible by a s . 



Proof. We have already shown (Propositions 16.21 and 14. 2[) that if the semigroup and congruence 
conditions are satisfied, then (I) and (II) must hold. So assume that (I) and (II) are satisfied. In 
the case that h s = 1, the link is a ZHS, and the semigroup conditions are satisfied [T2]. (There are 
no congruence conditions when the link is a ZHS.) 

Assume h s 1. By Lemma \'S. 41 D_(vk) = dk> 2 < k < s — 1, and D-(v s ) = a' s , and it follows 
from Lemma |3~51 that Da(^) = n(p s ) ha ^ 1 , for 1 < k < s — 1. There is exactly one node of type Vk 
in A/ jM for 1 < fc < s, which we simply denote Vk- We denote the leaves zq, ■ ■ ■ , z a — lj ui, . . . ,uj^, 
and y, as in Figure [T41 




FIGURE 14. Splice diagram for h s / 1 and hihi — 1, 1 < i < s — 1. 



It is clear from Proposition 14.21 that the semigroup condition at the node Vk in the direction of 
A_(t>fc) is satisfied for 2 < k < s — 1, and at the node u s , this semigroup condition is equivalent to 
(II). Furthermore, one can see by examination of the splice diagram that the semigroup condition 
at each Vk in the direction of Aa(v)c) is always satisfied (including in the case n = h s ). 
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It remains to show that Af yU satisfies the congruence conditions. Lemma 13.61 implies that 
det(T/ in ) = (ps)'' 3 " 1 . In Figure [Til it is easy to see that for any node v and any leaf w in Af }U , 

£ vw is always divisible by (p s ) Therefore, [£ vw / detfTy^)] = [0] for any node v and any leaf w. 
For each node, there are at most two conditions to check: one for each adjacent edge that does not 
lead directly to a leaf. By Proposition 12.51 we must show that for every node v and adjacent edge 
e, there is an admissible monomial M ve — YiweA ^w w such that for every leaf w' in A ve , 



(7) 



det(r) 



= [0], 



In this case, we have Ai — a^i • • • a s for 1 < i < s — 1. Since Aip± = a 2 • • • a s Pi and Aja f - = 
a j _j_ i • • • a, s cij , Corollary [521 says that [e Zj ■ e ZJ ] = [0] for < j < s — 1. For any leaf Zj, < j < s — 1, 

it is easy to see that £ z w i is divisible by (p s ) /ls_1 for all leaves w' ^ Zj in Aj „. Since the subgraph 
A_ (vk) contains leaves only of the form Zj, < j < k — 1, Equation ([7]) holds for all leaves in A_(u/ C ) 
for any choice of admissible monomial. (In fact, we have shown that the action of the discriminant 
group element e z . is trivial for < j < s — 1.) 

Let be the variable associated to the leaf Zj, < j < s — 1. It is easy to check that for 
1 < k < s — 2, the congruence condition at Vk in the direction of AA{vk) is satisfied for the 
admissible monomial Zk+\. The only remaining condition is for the node v s -\ in the direction of v s . 
Let Uj be the variable associated to the leaf Uj, 1 < j < h s . We claim that the monomial U\ ■ ■ ■ Uj^ 
(which is easily seen to be an admissible monomial) satisfies the congruence condition. It is clear 
from the splice diagram that \£ UiU J det(r/.„)] = (n/h s )a' s /p s for i ^ j, and by Corollary 15.21 



since each Uj is a leaf of type v s 



e Uj ] — (n/h s )(a s —a' s )/p s for all j. Hence, for each Uj, 



Equation ([7]) for the monomial U\ ■ ■ ■ Uj~ is 

(h s - l)(n/h s )a' s /p s - (n/h s )(a e - a'J/p, 



[0]. 



h s e v 



det(r Ji „) 



□ 



This is clearly true, since h s a' s = a s . Finally, for the leafy, Equation (UJ for U\ 

[0] (for any choice of j). Since £ yUj is divisible by (p s ) hs ~ 1 , the condition is satisfied 

6.2. Case (ii) h s — (n,p s ) > 1. The pathological case n = p s = 2 is treated separately at the end 
of the section. The main goal of this section is to prove the following 

Proposition 6.5. Suppose h s > 1 and n > 2. Then Tf tTl satisfies the semigroup and congruence 
conditions if and only if 

(*) s = 2, p 2 = 2, (n,p 2 ) = 2, and (n,a 2 ) = (n/2,px) = (n/2,a 1 ) = 1. 

Let us first assume that Tf^ n satisfies the semigroup and congruence conditions. We have already 
shown in fj4] that the semigroup conditions imply h s — (n,p s ) = p s and hihi = 1 for 1 < i < s — 1. 
Recall that since the link is a QHS, h s = 1 and a' s = a s . We prove that (*) must hold in two steps: 
Step 1. The congruence conditions imply that p s = 2. 
Step 2. The congruence conditions imply that s = 2. 

Proof of Step 1. For maximum convenience, we will use the splice diagram A associated to the 
minimal good resolution graph r mm (X/ >n ) (see Figure [15]). Recall that p' s = 1 implies that there is 
no leaf of type wj, since that string completely collapses in the minimal resolution graph. We show 
that the congruence condition as in Proposition 12.51 for a node v of type w s _i in the direction of 
Aa{v) cannot hold unless p s = 2. The only difficulty is in notation. 
By Lemmas 13.41 and 13.51 D-(vk) = a^, for 2 < k < s, and 



(8) 



D A (v k ) = —A k (a s ) p °- 2 , for 1 < k < s - 1, 



where A s _i = a s - a s _ip s ^i(p s - 1), and A k = a s - a k p k p\ +1 ■ ■ ■pf_ 1 (p s - 1), 1 < k < s - 2. 
Suppose that p s > 2. For each i, < i < s — 1, there are h s = p s leaves of type vl. We label 
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Figure 15. Splice diagram for h s = p s and hihi = 1 for 1 < i < s — 1. 



these leaves {z 3 A \ 1 < j < p s }, as indicated in Figure [151 The leaf on the edge with weight n/p s 
is denoted y, and is absent if n/p s = 1. Let the corresponding variables as in the Neumann- Wahl 
algorithm be {Zj i} and Y, respectively. Let G be an admissible monomial for v in the direction 
of Aa(v) (i.e., in the direction of the central node). We know that the variable Y cannot appear 
in any admissible monomial G, by the proof of Proposition 14.31 (M = 0). Therefore, we have 
G = ]\% 2 {Z 3 .o) a ^ a ■ ■ ■ {Z j<s -i) a ''-\ with a jtk eNU {0} such that 

S — 1 Ps 

(9) Ai(v.-i) = ££C,.»0!j> 

k=0 j=2 

For convenience of notation, we define integers Mj as follows: 

{P\---p s -\ for i = 

diPi+i • • -p s _i for 1 < i < s - 2 
a s _i for i = s — 1. 

(Note that Mj = j3i/p s .) Let u s denote the unique node of type v s (the central node). By Lemma 
S3 K,^ = M * for au i Therefore, ^ = Mia s _ip s _i(a s )P-- 2 n/p s , and t' VZjA = M l (a s )P^ 2 n/p s , 
for 1 < i < s — 1. Applying Equation {SJ and cancelling (a s ) Ps ~ 2 n/p s from both sides of Equation 
© yields 



s-1 



A s -i =^^M kaj , k . 

k=0 j=2 



(10) 



Consider the congruence condition in Proposition 12.51 for the node v in the direction of Aa(v) 
for each of the leaves Z2,i, < i < s — 1. By Lemma [3~6l det(r/ !n ) = (a s ) Ps_1 . For any admissible 
monomial G, the condition for w' = zi^ is equivalent to 



S — 1 Ps 

fc=0 j=3 

For < i < s - 1, 
(12) 



(a s ) p = 



(a.)"' 



(a.) p * _1 a s 
Furthermore, for any j ^ 2 and for < fc, i < s — 1, 
/ 13 x = (n/p s )MjM k 

(as)P^ 1 a s 
Claim 6.6. Fia; i such that < i < s — 1. TTien 
(n/p s )M 2 (p s - 1) 



(a) [e 22 14 • e Z2 ^ 

(b) For k^i, 



and 



r / 




'-{n/ Ps )M l M k (p s - 1)" 


[(a s ) P <-i. 







< fc < s- 1. 
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Let us assume for now that Claim I6T6I is true and finish the proof of Step 1. By Equation (|13| 
and the Claim, we have the following: 



Left side of JTT 



= 


S— 1 Ps 

J2 

k=0j=3 


f s MiM k 
a s 




(n/p s )Mi 
a s 


(s-i Ps 

i 2^2^ a 

{ k=0 j=2 




(n/p s )Mi 
a s 






(n/p s )Mi 
a s 


O-s — CLs-1 




(n/p s )Mi 


-a s -ip s - 



^ ^MiM k (p s - 1) 

2^ a ^~ ~ 



k=Q 



s-1 



fe=0 



k=0 



(by (HOD) 



i(Ps ~ 1) ~ Ps a 2 ,kM k 



k=0 



Therefore, by (HU), the congruence condition (fTTj) is equivalent to 



Ps 



S-1 



-a s - 1 p s - 1 (p s - 1) - p s a.2, k M k 



fc=0 



2-Mia s -ip s -i 



which is clearly equivalent to — ("/p^) m 'P 3 ^a s -ip s -i + X)fc=o a 2. k Mkj — [0]. Since (a s , n) — 1 and 
(a s ,p s ) = 1, this is equivalent to 

(14) Mi ( a s _ip s _i + a ^kM k \ e Za s . 

V fc=o / 

Therefore, if the congruence conditions are satisfied, that implies, in particular, that (fT4")) holds for 
all i such that < i < s — 1. 

We claim that if (fT4")l holds for all i, this implies that a s divides 

s-1 

S := a s -ip s -i + 2J Oi 2 . k M k . 

fc=0 

Let a s = gj 1 ■ ■ be the prime power factorization of a s - Suppose there is some j such that q* 3 
does not divide S. Then at least one power of qj must divide Mj for < i < s — 1. In particular, qj 
divides M s _i = a s _i, and since (a s _i,p s _i) = 1, this implies that qj divides a s -2, because M s -2 = 
»s-2Ps-i- This, in turn, implies qj divides a s _3, and so forth, down to a±. But Mq — pi ■ ■ -p s -i, 
which cannot possibly be divisible by qj. We have a contradiction, and thus a s divides S. 

Finally, we claim that for p s > 2, it is impossible for a s to divide S. Equation (110j) . which 
is equivalent to a s - a s -ip s -i(ps - 1) = EfcoEj=2 a i^^' implies that J2l=o a 2,kM k < a s - 
a s -ip s -i{ps — 1), and hence 

s-1 

S = a s -iPs-i + / ] at2,kM k < a s - a s -ip s -i(ps - 2). 

fe=0 

If Ps > 2, a s — a s -ip s -i{ps — 2) < a s , which implies that S < a s , and hence S cannot be divisible 
by a s , which is a contradiction. Therefore, we must have p s — 2 for the congruence conditions to be 
satisfied. □ 

Proof of Claim [(TBI Since z 2 ,i is a leaf of type (a) follows from Corollary 15.21 For (b), without 
loss of generality, we can assume i < k. For \ <i<k<s — 2, i ^ k — 1, we have i Z2 kZ2 1 = 
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DA(vk)cnPi+i ■ ■ -Pk-i, and hence, 



det(r /; „) 



(n/p s )A k aip i+ i ■ - -pk-i 



{n/p s )(a s - a k PkP 2 k+ i • • -p 2 s ^i(p s - l))aip i+ \ ■■■pk- 
-{n/p s ){Ps - l)akPkP 2 k+1 ■ ■ -P 2 s -i ■ a%Pi+i • • -Pk-\ 



in/p s ){ Ps - l)M k Mi 



The remaining cases are all similar and easy to check. 



□ 



Proof of Step 2. So far, we have that the semigroup and congruence conditions imply that h s = 
p s = 2 and hihi = 1 for 1 < i < s — 1. Write n — 2n' with n' > 1. We will show that for s > 3, the 
congruence conditions at a node v of type v s -2 in the direction of Aa(v) cannot be satisfied. We 
should note that the congruence condition at a node of type w s _i that we studied in Step 1 can be 
satisfied for s > 3. For example, take 

ai = 3, ai = 19, az = 117, 
Pi = 2, _p 2 = 3, p 3 = 2, 

and any n = 2n' such that n' is relatively prime to 2, 3, 13, and 19. 

Figure depicts the splice diagram in the general situation. The semigroup condition at v in 



z a m- 



Da(v s - 2 ) a s _i DaK-i) 



Da(v 3 -i) a B - 



-• yo 



Z s -2 



Zs-1 



Us-1 



Vi 



Figure 16. Splice diagram for n > 2, h s = p s = 2, and hihi = 1 for 1 < i < s — 1. 

the direction of A^u) is 

D A (v s -2) e N(Da(v s -i), o a j3 a _i, n'ps-iMj, < i < s - 1). 

Recall that Da{v s -i) = n'(a s - a s _ip s _i), and Da(v s - 2 ) = n'(a s - a s _ 2 p s -2Ps-i)- The semigroup 
condition implies that there exist a, f3, % € N U {0} such that 

s-l 

n'(a s - a s - 2 Ps-2P 2 s -i) = an'(a s - a s _ip s _i) + /3a s p s _i + 2J Jin' Mjp s -i. 

i=0 

If /3 7^ 0, then /3a s p s _i must be divisible by n' > 1. By assumption, (a s , n') = /i s = 1, and (p s -i, n') = 
h s —i = 1, and hence n' must divide (3. But then (3a s p s ^i > n'a s p s ~i > n'a s > Da(v s —2)j an d this 
is impossible. Therefore, /3 = 0. 

Hence, we can cancel n' from the equation above, leaving 

s-l 

a s - a s - 2 Ps-2P 2 s -i = a(a s - a s _ip s _i) + ^ 7 i M i jj s _i. 

i=0 

Since M s _i = a s _i, we have 

s-2 

(15) (a - 7 s _i)a s _ip s _i = (a - l)a s + 2j7;Mjp s _i + a s - 2 p s -2pl-i, 

i=0 

which implies (a — 7 s _i)a s _xf> s -i > (a — l)a s . Suppose a > 1. Then, since a s = <7 S + a s _ip s _ip s 
and p s = 2, 

(a - 7 s _i)a ;5 _ip s _i > (a - l)a s > (a - l)2a s _ip s _i. 
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This implies (a — 7s-i) — 2(a — 1) > 0, i.e., 2 > a + j s -i- But this is impossible for a > 1. 
Now suppose a = 1. It is clear from Equation (|15| that 7 s -i must be 0, and so we have 

s-2 

»=o 

i.e., a s _i = 2i=o 7i-^i + o«— 2?>a-aP*— l- But Mi is divisible by p s -i for < i < s — 2, so this would 
imply a s _i is divisible by which is impossible. Therefore, a — 0, and we have 

s-l 

(16) 



(Note that this semigroup condition is already quite restrictive, because it requires a s to be divisible 
by 

Now let us return to the congruence conditions for the node v in the direction of Aa(v). An 
admissible monomial for v in that direction must be of the form H = Y" 70 • ■ • Y^ 1 , with ^ e NU{0}. 
The congruence condition for the leaf y s -\ is 

"s-2 „ 



" 




.det(r />n )_ 





E 



7i 



f det(r>, n ) 
Applying Claim [6HI this condition is equivalent to 



7s-l e j/ a _i ' e y s 



n a s ^2Ps-2a s -iPs-i 
a s 



n a s -i 



J2 



that is, n'a s _i ^a s _2Ps-2Ps-i +X}i=o7»-^i) ^ Za s . Since (a s ,n') = 1, we must have 

a s _i ^a s _2Ps-2Ps-i + X)i=o 7»-^i) = Na s for some AT in Z. If we multiply both sides of this equation 
by Ps-i and apply Equation (116|) . we get 

a s _ia s _ 2 p s -2Ps-i + a s -i(a s - a s _ 2 p s -2f>s_i) = Na s p s -i; 
i.e., a s _i = Np s -i. This implies p s _i divides a s _i, which is a contradiction. 

Therefore, we have shown that if s > 3, then the congruence condition for the node v of type u s -2 
in the direction of Aa(v) cannot be satisfied for the leaf y s -i- Hence, the congruence conditions 
imply that s — 2. □ 



We have finished Steps 1 and 2, hence have proved one direction of Proposition [ 
For the other direction, we must check that (*) implies that the semigroup and congruence 
conditions are satisfied. The splice diagram in this situation is shown in Figure Q~7] The only 



Zo . 



31 Da(Vi 



(12 Da{vi) ai 



Zl 



ill 



FIGURE 17. Splice diagram for (*), n > 2. 

semigroup condition that needs to be checked is 

D A (vi) e N(a 2 , n'a\, n'pi), 

where Da(vi) = n' '(a 2 — aiPi) = n 1 {q 2 + Since oi and p\ are relatively prime, the conductor of 

the semigroup generated by a\ and p\ is less than a\p\ 1 hence a\p\ + q 2 is in the semigroup generated 
by ai and p\, and therefore this semigroup condition is satisfied. 

There are only two congruence conditions to check. One is equivalent to the following: there exist 
ao and a\ in N U {0} such that a 2 — aoPi + ct\ai, 



—n'aipi n'pi 
ai a 



02 



a 2 



[0], and 



— n'aipi n'a\ 
a ai 



a 2 



a 2 



[0]. 
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But these conditions are obviously both satisfied for any ao, ct\ such that a 2 = aopi + aiai. The 
other congruence condition is equivalent to the following: there exist 70 and 71 in NU {0} such that 
a 2 - axpi = 70P1 +71O1, 



7i- 



-n aipi 



■ 7o- 



/ 2 



«2 





n'aipl 


, and 




a 2 





70- 



-n a\p\ 



71- 



n' a\ 

a.2 





n'a\pi 







But these conditions are also obviously both satisfied for any 70, 71 such that a 2 — a\P\ 
This concludes the proof of Proposition [63] 



7oPi+7i«i- 



The pathological case. If h s > 1 and n — 2, then the semigroup conditions imply that p s = 2 by 
Proposition 14.31 Therefore, all that remains in the proof of the Main Theorem is the pathological 
case. Let T/.„ be the graph associated to the minimal good resolution (see fj3|). 

Proposition 6.7. Suppose n = p s = 2. Then T /_„ satisfies the semigroup and congruence conditions 
if and only if s = 2. 

Proof. We begin by assuming that Tf, n satisfies the semigroup and congruence conditions. It is 
automatically true that hihi = 1 for 1 < i < s — 1, and that h s = 2. We must show that s must 
be 2. The splice diagram is pictured in Figure [TH We can use essentially the same argument as in 



a-s-2 j4 s -2 



Vs-1 



Ps-l 



Zs-2 



-• yo 



Ps-l 



5/0-1 



vi 



Figure 18. Splice diagram for the pathological case, s > 2. 



Step 2 above to show that for s > 3, the congruence conditions at the node v of type v s -2 in the 
direction of Aa(v) cannot possibly be satisfied for the leaf y s -\. 
The semigroup condition at v in the direction of Aa(v) is 



.4 



s-2 



6N(I s _i, p s -iM h 0<t<s-l) 



Precisely the same argument as in Step 2 above shows that A s _i cannot appear in the expression 
for A s -2 that comes from the semigroup condition. Therefore, there exist % in N U {0} such that 



a s - a s -2Ps-2P 2 s -i = Yfi=ali M iPs-i- 



Let H 



Yq° ■ ■ ■ Y^li 1 be an admissible monomial for v in the direction of Aa(v). The congruence 



condition for the leaf y s -i is equivalent to 

a s -2Ps-2a s -iPs-i 



a s -i 



Just as in Step 2, this implies p s ~i divides a s _i, and hence the congruence conditions cannot be 
satisfied for s > 2. 

Finally, for s = 2, it is easy to check that the semigroup and congruence conditions are satisfied. 

□ 
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